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Abstract
We establish a closing property for thin trapped homoclinic classes. Taking advantage
of this property, we proved that if the homoclinic class H(p) admits a dominated splitting
TH(p)M = E ⊕< F , where E is thin trapped (see Definition 1.3) and all periodic points
homoclinically related to p are uniformly F -expanding at the period (see Definition 1.4),
then F is expanded (see Definition 1.3).
1 Introduction
Let f be a diffeomorphism on a compact manifold M with metric d. Given two hyperbolic
periodic points p and q of f , denoted by W s(p), W s(q) the stable manifolds of p and q, denoted
by W u(p), W u(q) the unstable manifolds of p and q. We call that they are homoclinically
related if W s(orb(p)) ⋔ W u(orb(q)) 6= ∅ and W s(orb(q)) ⋔ W u(orb(p)) 6= ∅. And we denote
this relation by p ∼ q. The homoclinic class of a hyperbolic periodic point p is defined as
H(p) , {q : q ∈ P (f), q ∼ p}, where P (f) denotes the set of all hyperbolic periodic points of f .
In general, the hyperbolicity of the periodic points contained in a compact invariant set Λ is
not enough to get the hyperbolicity of Λ. For example, Kupka-Smale Theorem [9, P91] affirms
that every periodic orbit of Cr-generic (r ≥ 1) diffeomorphisms is hyperbolic and the stable and
unstable manifolds of the periodic orbits are pairwise transverse. It means that the homoclinic
class is usually not hyperbolic although it contains many hyperbolic invariant sets: any set of
periodic orbits homoclinically related to p. Bonatti, Gan and Yang [2, Main Theorem] gave
a sufficient criterion for the hyperbolicity of a homoclinic class. They also raised a question:
Can we obtain the hyperbolicity of an invariant compact set by using the hyperbolicity of the
periodic orbits in the set?
Our main work shows that one can get some “hyperbolicity”of H(p) under the topological
conditions (see Definition 1.3) on the periodic orbits homoclinically related to p. Now, we will
introduce precisely the notions for these conditions.
Definition 1.1. The invariant splitting TΛM = E ⊕ F over a compact f -invariant set Λ
is a dominated splitting if there are two constants C > 0, λ ∈ (0, 1) such that
‖ Dfn |Ex‖ · ‖ Df
−n |Ffn(x)‖≤ Cλ
n, for any x ∈ Λ and every n ∈ N.
Definition 1.2. A periodic point p is hyperbolic if there are constants C > 0, λ ∈ (0, 1)
and an invariant splitting TpM = Ep ⊕ Fp, such that for every n ∈ N, one has that
‖ Dfn |Ep‖≤ Cλ
n, ‖ Df−n |Fp‖≤ Cλ
n.
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For the dominated splitting TΛM = E ⊕ F , a plaque family tangent to the bundle E is a
family of continuous maps W from the linear bundle E to M satisfying:
〈1〉 for each x ∈ Λ, the map Wx : Ex →M is a C
1-embedding that satisfies Wx(0) = x and
whose image is tangent to Ex at x;
〈2〉 (Wx)x∈Λ is a continuous family of C
1-embeddings.
Let W(x) be the image of embedding Wx. A plaque family W is locally invariant if there is
δ > 0 such that for every x ∈ Λ, one has that f ◦ Wx(B(0, δ)) ⊆ W(fx), where B(0, δ) ⊆ Ex
is the ball whose radius is δ. Plaque Family Theorem [7, Theorem 5.5] shows that there always
exists a locally invariant plaque family tangent to E. A plaque family is called trapped if for
every x ∈ Λ, one has that f(W(x)) ⊆ W(fx).
Definition 1.3. For the dominated splitting TΛM = E ⊕ F , E is thin trapped if for any
neighborhood U of the section 0 in E, there is
〈1〉 a continuous family {ϕx}x∈Λ of C
1-diffeomorphisms of the spaces {Ex}x∈Λ supported in U ;
〈2〉 a constant δ > 0 such that f(Wx ◦ ϕx(B(0, δ))) ⊆ Wfx ◦ ϕfx(B(0, δ)) for any x ∈ Λ.
F is expanded on Λ, if there are C > 0 and λ ∈ (0, 1) such that
‖Df−n|Fx‖ ≤ Cλ
n, for any x ∈ Λ and n ∈ N+
Definition 1.4. Let Λ = {qn}n∈N be a sequence of hyperbolic periodic points of diffeomor-
phism f , for the dominated splitting TΛM = E ⊕< F , f is uniformly F -expanding at the period
on Λ if there are two constants C > 0, λ ∈ (0, 1) such that for any n ∈ N, one has that
pi(qn)∏
j=1
‖ Df−1 |F
fj(qn)
‖≤ Cλpi(qn),
where pi(qn) is the period of the periodic point qn. We also call that F is uniformly λ-expanding
at the period on Λ.
Now, we introduce our main result and the sketch of our proof for the main result.
Main Theorem. Let f be a diffeomorphism on a compact Riemannian manifold, p be a hy-
perbolic periodic point. Assume that the homoclinic class H(p) admits a dominated splitting
TH(p)M = E⊕< F and E is thin trapped with dimE =ind (p). If f is uniformly F -expanding at
the period on all periodic points homoclinically related to p, then F is expanded on H(p).
This Main Theorem also gives a criterion for getting “weak periodic point”which means that
they have a Lyapunov exponent arbitrarily close to zero in a given homoclinic class.
Theorem A. Let p be a hyperbolic periodic point of a diffeomorphism f on a compact Rieman-
nian manifold. If the homoclinic class H(p) satisfying:
• the homoclinic class H(p) admits a partially hyperbolic splitting TH(p)M = E
s⊕Ec⊕Eu with
Es is uniformly contracted, Eu is uniformly expanding and dimEc = 1;
• dimEs =ind (p) and H(p) is not hyperbolic.
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then for every ε > 0, one can find a periodic point q ∈ H(p) homoclinically related to p such
that
1
pi(q)
log(‖Dfpi(q)|Ecq‖) ≤ ε.
The Main Theorem gives a criterion for getting some hyperbolicity of a homoclinic class
from the same property of the periodic points in this homoclinic class. We should consider the
question: how to establish the relations between non-periodic points in the compact set and
periodic points? The Anosov Closing Lemma [8, P269, Theorem 6.4.15] implies that for any
point in a hyperbolic set whose orbit nearly returns to the point, there is a periodic orbit closely
shadowing this nearly-returning orbit. Gan [5, Theorem 1.1] showed that any quasi-hyperbolic
pseudoorbit with recurrence can be shadowed by periodic orbit. But in our assumptions, the
homoclinic class is not hyperbolic set and we can not get the quasi-hyperbolic pseudoorbit with
respect to the dominated splitting on the homoclinic class. Even though the recurrent orbit
(non-periodic) can be shadowed by periodic orbit, we also need to consider that: how to expand
the property of periodic orbit to other orbit (non-periodic orbit).
2 Preliminaries
In this section, we introduce some important tools and some basic facts but useful for the
proof of the Main Theorem.
2.1 Hyperbolic time
Let f be a diffeomorphism on a compact manifold M . For every x ∈M and n ∈ N+, (x, n)
denotes the segment of orbit (x, n) , {x, f(x), · · · , fn−1(x)}. We consider a compact invariant
set Λ which has a dominated splitting TΛM = E ⊕< F . By [1, P289, Appendix B], one can
fix an admissible compact neighborhood of Λ and denotes by M(f, U) =
⋂
i∈Z f
iU the maximal
invariant set in U . The dominated spliting E ⊕< F extends in a unique way on M(f, U).
Definition 2.1.1. For any λ ∈ (0, 1) and x ∈ M(f, U), an orbit segment (x, n) is an
uniform λ-string, if
n∏
j=k+1
||Df−1|F
fj(x)
|| ≤ λn−k, for k = 0, 1, · · · , n − 1. And n ∈ N+ is called
λ-hyperbolic time of x.
Denoted by HT (x, λ) the set of all λ-hyperbolic times of x and the n-th λ-hyperbolic time of
x is denoted by HTn(x, λ). For a periodic point x, denoted by Γ1(x, λ) the largest λ-hyperbolic
time in the period pi(x) and the smallest λ-hyperbolic time larger than the period pi(x) is denoted
by Γ2(x, λ). The following lemma, given by Pliss ( [11]), gives us a tool to prove that a point
satisfying the assumption that lim inf
m→∞
1
m
m∑
i=1
log ‖Df−1|F
fi(x)
‖ ≤ log λ, for same λ ∈ (0, 1), has
many (positive density at infinity) hyperbolic times.
Lemma 2.1.2 (Pliss Lemma [11]). Given constants A and C2 < C1 < 0 with A ≥ |C2|,
there is θ ∈ (0, 1) such that if any real numbers {aj}
N
j=1 satisfy the conditions
(1) |aj | ≤ A, for j = 1, 2, · · · , N ;
(2)
∑N
j=1 aj ≤ NC2.
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then there is an integer l ≥ θN and a sequence numbers 1 ≤ n1 < n2 < · · · < nl ≤ N such that
ni∑
j=n+1
aj ≤ (ni − n)C1, ∀ 0 ≤ n < ni, i = 1, 2, · · · , l.
Lemma 2.1.3. Given µ < µ1 < µ2 < 0 and A > |µ1|, for any real number sequence
{ai}
∞
i=1 with |ai| ≤ A, if there is a number m ∈ N
+ such that
∑m
i=1 ai ≤ mµ and ai+m = ai
for every i ∈ N, then there are θ ∈ (0, 1) and N ∈ N such that for any k ≥ N , there exist
1 ≤ n1 < n2 < · · · < nl ≤ k with l ≥ kθ such that
nj∑
i=n+1
ai ≤ (ni − n)µ2, ∀ 0 ≤ n < nj, j = 1, 2, · · · , l.
Proof. Since |ai| ≤ A, then r , max{a1, a1 + a2, · · · ,
∑m
i=1 ai} ≤ mA < +∞. For any k ∈ N, by
integer division, we may assume that k = nm+r0, where 0 ≤ r0 < m. Hence,
∑k
j=1 aj ≤ nmµ+r.
Therefore,
lim inf
k→∞
1
k
k∑
i=1
ai ≤ lim inf
k→∞
nmµ
k
+ lim inf
k→∞
r
k
= µ.
Thus, there is N ∈ N such that
k∑
i=1
ai ≤ nµ1, for any k ≥ N . By Pliss Lemma 2.1.2, there is
1 ≤ n1 < n2 < · · · < nl ≤ k with l ≥ kθ such that
nj∑
i=n+1
ai ≤ (nj − n) µ2, ∀ 0 ≤ n < nj, j = 1, 2, · · · , l.
For two consecutive hyperbolic times, we can not give the estimation as the obstruction orbit
segment (see Definition 2.1.4). The following content is a simple fact that can help us deal with
the obstruction orbit segment.
Definition 2.1.4. For any λ ∈ (0, 1] and x ∈ M(f, U), an orbit segment (x, n) is a
λ-obstruction orbit segment, if
k∏
j=1
||Df−1|F
fj(x)
|| ≥ λk, for k = 1, · · · , n. And the point x is a
λ-obstruction point, if (x, n) is a λ-obstruction orbit segment for any n ∈ N+.
Lemma 2.1.5. For any r ∈ (0, 1) and ε > 0, there exists N0 = N0(r, ε) such that for some
n0 ≥ N0, if (x, n0) is a r-obstruction orbit segment, then d(x,Λ(r)) < ε, where Λ(r) is the set
of all r-obstruction point.
Proof. Let ΛN (r) be the set of points such that the orbit segment (x,N) is a r-obstruction orbit
segment. Then Λ(r) =
⋂
N>0ΛN (r). By the Definition 2.1.4, one has that ΛN (r) ⊃ ΛN+1(r).
Therefore, this is a decreasing intersection of a compact set. For ε > 0, taking N0 = N0(r, ε) such
that ΛN0(r) is contained in the ε-neighborhood of Λ(r). Then, d(ΛN0(r),Λ(r)) < ε. For some
n0 ≥ N0, if (x, n0) is a r-obstruction orbit segment, then x ∈ ΛN0(r). Hence, d(x,Λ(r)) < ε.
Lemma 2.1.6. Assume that the homoclinic class H(p) of hyperbolic periodic point p admits
a dominated splitting TH(p)M = E
⊕
< F and F is uniformly λ-expanding at the period on the
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set of periodic points homoclinically related to p. If there is a r-obstruction point b ∈ H(p) with
r ∈ (λ, 1), then there exists a sequence periodic points {qn : n ∈ N+} ⊂ H(p) homoclinically
related to p, such that limn→∞ qn = b and HT1(qn, µ) → ∞ as n → ∞, where λ < µ < r.
Moreover, Γ2(qn, µ)− Γ1(qn, µ)→∞ as n→∞.
Proof. Since b ∈ H(p), by the definition of H(p) , {q : q ∈ P (f), q ∼ p}, there is a sequence of
periodic points {qn : n ∈ N+} ⊂ H(p) homoclinically related to p, such that limn→∞ qn = b. As
F is uniformly λ-expanding at the period on the set of periodic points homoclinically related to p,
there are two constants C > 0, λ ∈ (0, 1) such that
∏pi(qn)
j=1 ‖ Df
−1 |F
fj(pn)
‖≤ Cλpi(qn), for every
n ∈ N+. Let ai = log ‖Df−1|F
fi(qn)
‖, one has that lim inf
m→∞
1
m
m∑
i=1
ai ≤ log λ. By the Lemma 2.1.3,
one gets that qn has infinitely many µ-hyperbolic times. Now, we prove that HT1(qn, r2) →∞
as n→∞ by contradiction. Otherwise, we suppose that there exists constant C1 > 0 such that
HT1(qn, µ) ≤ C1, for all n. Then there is a subsequence {qnk} of {qn}, such that HT1(qnk , µ)
is constant, denoting by L. Hence for all qnk , one has that
∏L
i=1 ‖Df
−1|F
fi(qnk
)
‖ ≤ µL. By the
continuous of Df−1, one gets that
L∏
i=1
‖Df−1|F
fi(b)
‖ = lim
k→∞
L∏
i=1
‖Df−1|F
fi(qnk
)
‖ ≤ µL ≤ rL.
This means that b is not a r-obstraction point which contradicts our condition. Since
Γ2(qn, µ)− Γ1(qn, µ) ≥ Γ2(qn, µ)− pi(qn) ≥ HT1(qn, µ),
one has that Γ2(qn, µ)− Γ1(qn, µ)→∞ as n→∞.
2.2 Exponents properties in Homoclinic class
In this section, let p be a hyperbolic periodic point. The homoclinic class H(p) admits a
dominated splitting TH(p)M = E
⊕
< F with dim(E) =ind(p). We assume that the bundle
E is thin trapped and f is uniformly F -expanding at the period on the set of periodic points
homoclinically related to p. First, we introduce some properties of C1 diffeomerphisms.
Lemma 2.2.1. Let f be a C1 diffeomorphism on a compact manifold M . For any x ∈M ,
if there is C = C(x) > 0 and µ1, λ1 ∈ (0, 1) such that Cµ
n
1 ≤
∏n−1
i=0 ‖ Dff ix ‖≤ Cλ
n
1 ,
for every n ∈ N+, then for any µ2 < µ1 < λ1 < λ2, there is C0 = C0(x) and r = r(µ1, µ2, λ1, λ2)
such that
C0µ
n
2 ≤
n−1∏
i=0
‖ Dff iy ‖≤ C0λ
n
2 , ∀ y ∈ B(x, r), ∀ n ∈ N
+.
Proof. Since f is C1 diffeomorphism, for 0 < µ2 < µ1 < λ1 < λ2 < 1, there is r1 > 0 such that
µ2
µ1
≤
‖ Dfy ‖
‖ Dfx ‖
≤
λ2
λ1
, for any d(x, y) ≤ r1.
For any y ∈ B(x, r1), by the Mean Value Theorem, there exists ξ ∈ B(x, r1) such that
d(f(x), f(y)) =‖ Dfξ ‖ ·d(x, y). Since ξ ∈ B(x, r1), one has that
d(f(x), f(y)) ≤
λ2
λ1
‖ Dfx ‖ ·d(x, y) ≤ C
λ2
λ1
λ1r1 = Cλ2r1.
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Taking r = min{r1, r1/C}, C0 = max{C, 1/C}, we claim that d(f
j(x), f j(y)) ≤ r1, for every y ∈
B(x, r) and every j ∈ N+. Next, we prove the claim. We may assume that d(f j(x), f j(y)) ≤ r1
for any y ∈ B(x, r) and every j = 1, 2, · · · ,m. Then, for any y ∈ B(x, r), by the Mean Value
Theorem, there is η ∈ B(x, r) such that
d(fm+1(x), fm+1(y)) = ‖ Dfm+1η ‖ d(x, y) ≤‖ Dffmη ‖‖ Dffm−1η ‖ · · · ‖ Dfη ‖ d(x, y)
≤
λ2
λ1
‖ Dffmx ‖
λ2
λ1
‖ Dffm−1x ‖ · · ·
λ2
λ1
‖ Dfx ‖ d(x, y)
≤
λm+12
λm+11
m∏
i=0
‖ Dff ix ‖ r ≤ C
λm+12
λm+11
λm+11 r = Cλ
m+1
2 r < r1
Therefore, fm+1(B(x, r)) ⊂ B(fm+1(x), r1). This proves our claim. Therefore, for y ∈ B(x, r)
and n ∈ N+, one has that
µn+12
µn+11
≤
∏n
i=0 ‖ Dff iy ‖∏n
i=0 ‖ Dff ix ‖
≤
λn+12
λn+11
.
Consequently, one has that C0µ
n
2 ≤
∏n−1
i=0 ‖ Dff iy ‖≤ C0λ
n
2 , for y ∈ B(x, r) and n ∈ N
+.
Proposition 2.2.2. Assume that the homoclinic class H(p) admits a dominated splitting
TH(p)M = E ⊕< F with dimE =ind (p). If f is uniformly F -expanding at the period on all
periodic points homoclinically related to p, then there exists constant N ∈ N+ such that a local
plaque family tangent to the bundle F are the unstable manifolds of all hyperbolic periodic points
with period larger than N .
Proof. Since f is uniformly F -expanding, by the Definition 1.4, there are two constants C >
0, λ ∈ (0, 1) such that
pi(x)∏
j=1
‖ Df−1 |F
fj (x)
‖≤ Cλpi(x), for any hyperbolic periodic point x ∈ H(p).
Let N be the smallest constant which satisfies that CλN < 1, define
A , {x ∈ H(p) : x is periodic point with period larger than N}.
For any x ∈ A and ε > 0, since TH(p)M = E ⊕< F is a dominated splitting, by Plaque Family
Theorem [7, Theorem 5.5], there always exists a locally invariant plaque family tangent to the
bundle E and F . Denote by WFε (x) the plaque family tangent to the bundle F at point x.
Since x is a hyperbolic periodic point, we may assume that TxM = E
s
⊕
F u is the hyperbolic
splitting. By the Definition 1.2, there are constants C1 > 0, λ1 ∈ (0, 1) such that for every
n ∈ N, one has that
‖ Dfn |Es‖≤ C1λ
n
1 , ‖ Df
−n |Fu‖≤ C1λ
n
1 .
Since dimE =ind (p), we only need to prove that F ⊆ F u. If F * F u, then there is a vector
v ∈ F such that v /∈ F u. Thus, one has a decomposition v = vs ⊕ vu, where 0 6= vs ∈ Es and
vu ∈ F u. Therefore, for every m ∈ N+, one has that
C−11 λ
−mpi(x)
1 ‖v
s‖ ≤ ‖Df−mpi(x)v‖ ≤ (
mpi(x)∏
j=1
‖ Df−1 |F
fj(x)
‖)‖v‖ ≤ (Cλpi(x))m‖v‖.
For m large enough, we have that C1λ
−mpi(x)
1 ‖v
s‖ > 1 and (Cλpi(x))m‖v‖ < 1. This means that
our assumption F * F u is fault. Consequently, F ⊆ F u.
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Next, we introduce that in the homoclinic class H(p), there is a dense set such that ev-
ery point in this set has stable manifolds of uniformly size. Given ε > 0, a sequence points
{x0, · · · , xm} is called a periodic ε-orbit or periodic pseudoorbit, if xm = x0 and d(f(xi), xi+1) <
ε, for i = 0, · · · ,m− 1.
Theorem 2.2.3. ( [8], Anosov Closing Lemma) If Λ is a hyperbolic set of diffeomorphism
f , then there is an open neighborhood U of Λ and two constants C > 0, ε0 > 0 such that for
any ε ∈ (0, ε0) and any periodic ε-orbit {x0, · · · , xm} ⊂ U , there exist a periodic point y ∈ U
satisfying fm(y) = y and d(fk(y), xk) < Cε, for k = 0, 1, · · · ,m− 1.
Theorem 2.2.4. Let p be a hyperbolic periodic point of diffeomorphism f . Assume that
the homoclinic class H(p) has a dominated splitting TH(p)M = E
⊕
< F with dim(E) = ind(p).
If E is thin trapped and f is uniform F -expanding at the period on the set of periodic points
which are homoclinically related to p, then for any ε > 0, there is a ε-dense set P ⊆ H(p) of
hyperbolic periodic points homoclinically related to the orbit of p, such that every point q ∈ P
has stable manifolds of uniformly size.
Proof. We may assume that p is a hyperbolic fix point ( if not, consider g = fpi(p)). Since
dim(E) = ind(p), for the dominated splitting TpM = Ep
⊕
< Fp, by [6, Theorem 1], taking
suitable Riemann norm, there exists λ1 ∈ (0, 1) such that ‖Df |Ep‖ ≤ λ1 and ‖Df
−1|Fp‖ ≤ λ1.
Hereafter, we fixed the numbers 0 < λ1 < λ2 < λ3 < λ4 < 1. Since f is C
1, for λ2 ∈ (λ1, 1),
there is r > 0 such that for any x, y ∈ H(p) with d(x, y) < r, one has that
‖Df |Ex‖
‖Df |Ey‖
≤
λ2
λ1
and
‖Df−1|Fx‖
‖Df−1|Fy‖
≤
λ2
λ1
.
By the definition of H(p), for any ε < r, one can take a ε2 -dense set
B = {x ∈ H(p) : x ∈W s(p) ⋔W u(p)} in H(p).
Claim. For every x ∈ B, Λx , Orb(p)
⋃
Orb(x) is a hyperbolic set.
Proof. Since x ∈ W s(p) ⋔ W u(p), there exists n0 ∈ N such that for any n ≥ n0, one has that
d(fn(x), p) < r and d(f−n(x), p) < r. Therefore,
‖Df |Efn(x)‖
‖Df |Ep‖
≤
λ2
λ1
,
‖Df−1|F
f−n(x)
‖
‖Df−1|Fp‖
≤
λ2
λ1
, for any n ≥ n0.
Let C1 = max
y∈H(p)
{
‖Dfy‖
λ2
, · · · ,
‖Df
2n0
y ‖
λ
2n0
2
,
‖Df−1y ‖
λ2
, · · · ,
‖Df
−2n0
y ‖
λ
2n0
2
}, taking C = max{1, C1}, for any
y ∈ Λx and any n ∈ N, one has that
‖Dfn|Ey‖ ≤ Cλ
n
2 , ‖Df
−n|Fy‖ ≤ Cλ
n
2 .
Hence, Λx = Orb(p)
⋃
Orb(x) is a hyperbolic set.
Fixed x ∈ B, by the Theorem 2.2.3, for the hyperbolic set Λx, there exist an open neigh-
borhood U ⊃ Λx and C2, ε0 > 0, such that for any ε1 ∈ (0, ε0) and any periodic ε1-orbit
{x0, · · · , xm} ⊂ U , there is a periodic point y ∈ U satisfying f
m(y) = y and d(fk(y), xk) < C2ε1,
for k = 0, 1, · · · ,m−1. Taking ε2 = min{ε/2C2, ε/2, r}, since x ∈W
s(p) ⋔W u(p), there exists
m0 ∈ N such that for any m ≥ m0, one has that d(fm(x), p) < ε2/2 and d(f−m(x), p) < ε2/2.
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Let K = sup
y∈H(p)
{‖Dfy‖, 2} < +∞, for λ2 < λ3 < 1, taking an integer m1 ≥ C/2 log(λ2/λ3),
where C = log λ3 + (2m0 − 2) log λ2 − (2m0 − 1) logK. One can get a ε2-closed orbit segment:
{f−m1(x), f−m1+1(x), · · · , f−m0(x), f−m0+1(x), · · · , f−1(x), x, f(x), · · · , fm0(x), · · · , fm1(x)}.
By the Theorem 2.2.3, the closed orbit segment can be ε/2-shadowed by a periodic point qx
with pi(qx) = 2m1 + 1. Therefore,
pi(qx)−1∏
i=0
‖Df |E
fi(qx)
‖ ≤ K2m0−1 · λ2m1−2m0+22 ≤ λ
pi(qx)
3 .
Hence, one has that
npi(qx)−1∏
i=0
‖Df |E
fi(qx)
‖ ≤ λ
npi(qx)
3 , for any n ∈ N .
Let P = {qx : x ∈ B}, then P ⊆ H(p) is a set of hyperbolic periodic points homoclinically
related to the orbit of p. For λ3 < λ4, any q ∈ P and any n ∈ N, by the Lemma 2.1.2, there are
θ = θ(λ3, λ4) ∈ (0, 1) and positive integers n1 < n2 < · · · < nl ≤ n with l ≥ θnpi(q), such that
nj−1∏
i=k
‖Df |E
fi(q)
‖ ≤ λ
nj−k
4 , for ∀ k ∈ {0, 1, · · · , nj − 1}, j = 1, 2, · · · , l.
Since q is a periodic point, if n→∞, then there is a point q′ which is a iteration of q, such that
m−1∏
i=0
‖Df |E
fi(q′)
‖ ≤ λm4 , for any m ∈ N.
It means that q′ has stable manifolds of δ-size, where δ is only relate to λ4. Since E is thin
trapped, for every y ∈ {q′, · · · , fpi(q
′)−1(q′)} and δ > 0, one has that f i(Wsδ (y)) ⊂ W
s
δ (f
iy) =
Wsδ (q
′), for some i ∈ {0, 1, · · · , pi(q′) − 1}. Since Wsδ (q
′) = W sδ (q
′), the point y also has stable
manifolds of δ-size. Therefore, every point x ∈ P has stable manifolds of uniformly size.
For any b ∈ H(p), by the choice of the set B, there is x ∈ B such that d(b, x) < ε2 . For this
point x, there is a qx ∈ P such that d(x, qx) <
ε
2 . Then, d(b, qx) < ε. Therefore, P is a ε-dense
subset of H(p).
3 The closing property of thin trapped in H(p)
It is well-known that pseudoorbits near a hyperbolic set can be shadowed by a real orbit.
This is called Pseudo-Orbit Tracing Property. This property plays an important role in the
study of stability of dynamical systems (see [12], [4], [13] and [10] ). Gan [5, Theorem 1.1]
showed that quasi-hyperbolic pseudoorbits can be shadowed by a real orbit. In this section, we
introduce the Pseudo-Orbit Tracing Property in H(p). Before heading to the main block, we
clarify some notations and identify some constants.
Definition 3.1. Assume that the homoclinic class H(p) admits the dominated splitting
TH(p)M = E
⊕
< F , for x ∈ H(p), n ∈ N
+, an orbit arc (x, n) , {x, f(x), · · · , fn−1(x)} is called
λ-thin trapped, if E is thin trapped and
k∏
j=1
‖Df−1|F
fn−j(x)
‖ ≤ λk, ∀ k = 1, · · · , n − 1.
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Definition 3.2. Assume that the homoclinic class H(p) admits the dominated splitting
TH(p)M = E
⊕
< F , a finite number of orbit segment {(xi, ni)}
m
i=0 is called (λ, η)-thin trapped
closed pseudoorbit, if (xi, ni) is λ-thin trapped for i = 0, 1, · · · ,m and d(f
ni−1(xi), xi+1) ≤ η,
for i = 0, 1, · · · ,m− 1 and d(fnm−1xm, x0) < η.
Definition 3.3. For δ > 0 and N ∈ N+, a sequence of points {x1, x2, · · · , xN} is called
δ-shadowed by a periodic point x, if N is the period of x and d(fn(x), xn) < δ, for 1 ≤ n ≤ N .
From the next proposition, we can see that the thin trapped homoclinic classes H(p), which
admit the dominated splitting TH(p)M = E
⊕
< F with dim(E) =ind(p), has local product
structures.
Proposition 3.4. ( [3, Lemma 3.4]) Given ε > 0, there exists δ > 0 such that for any
x, y ∈ H(p) with d(x, y) < δ, Wcsε (x) and W
cu
ε (y) are transversally intersect at a single point
belonging to H(p), where W∗ε (x) ⊂ W
∗(x) is centered at x with length 2ε, ∗ = cs or cu.
Hereafter, we assume that the homoclinic classes H(p) admits the dominated splitting
TH(p)M = E
⊕
< F with dim(E) =ind(p). For this dominated splitting, E is thin trapped
and f is uniformly F -expanding at the period on all periodic points homoclinically related to
p. One can find dense hyperbolic periodic points which has stable and unstable manifolds of
uniformly size.
Lemma 3.5. Given δ, ε > 0, one can find a δ-dense set P ⊆ H(p) of hyperbolic periodic
points homoclinically related to the orbit of p, such that for any x ∈ P, Wcsε (x) and W
cu
ε (x) are
the stable and unstable manifolds of x, respectively.
Proof. Under our assumptions, one can get the conclusions from the Proposition 2.2.2 and
Proposition 2.2.4.
From the Theorem 2.2.4, one can see that P is a hyperbolic set. By the Definition 1.2 and
Definition 1.4, for the dominated splitting TH(p)M = E
⊕
< F , there are C > 0, λ ∈ (0, 1) such
that for any x ∈ P, one has that
‖ Dfn|Ex ‖≤ Cλ
n, ∀ n ∈ N+ and
pi(x)∏
j=1
‖ Df−1 |F
fj(x)
‖≤ Cλpi(x).
Hereafter, taking n0 be the smallest positive integer such that Cλ
n0 ≤
1
2
, we give the definition
of (n0, ε)-closed pseudoorbit for the constant ε.
Definition 3.6. Assume that the homoclinic class H(p) admits the dominated splitting
TH(p)M = E
⊕
< F . Given λ ∈ (0, 1) and ε > 0, a (λ, ε)-thin trapped closed pseudoorbit
{(xi, ni)}
m
i=0 is called (n0, ε)-closed pseudoorbit, if ni ≥ n0, for i = 0, 1, · · · ,m.
Theorem 3.7. Given ε > 0, there is a constant δ0 > 0 such that for any δ ∈ (0, δ0),
if a finite number of orbit segment {(xi, ni)}
m
i=0 ⊂ P is a (n0, δ)-closed pseudoorbit, then the
(n0, δ)-closed pseudoorbit can be ε-shadowed by a periodic point.
Proof. For the given ε > 0, by the Proposition 3.4, there exists δ1 such that for any x, y ∈ H(p)
with d(x, y) < δ1, one has that
Wcsε (x) ⋔W
cu
ε (y) 6= ∅ and W
cu
ε (x) ⋔W
cs
ε (y) 6= ∅.
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Applying the Proposition 3.4 again, for the constant α = min{ε, δ1}, one obtains a constant δ2
such that
Wcsα (x) ⋔W
cu
α (y) 6= ∅ and W
cu
α (x) ⋔W
cs
α (y) 6= ∅ for any x, y ∈ H(p) with d(x, y) < δ2.
Due to the Lemma 3.5, for this δ2, there is a δ2-dense subset P ⊆ H(p) of hyperbolic periodic
points homoclinically related to the orbit of p, such that for any x ∈ P, Wcsα (x) are the stable
manifolds of x, denote by Wsα(x) andW
cu
α (x) are the unstable manifolds of x, denote byW
u
α(x).
Let δ0 =
δ2 − α/2
2
, given δ ∈ (0, δ0), if a finite number of orbit segment {(xi, ni)}
m
i=0 ⊂ P is a
(n0, δ)-closed pseudoorbit, then we can construct a sequence of points which are the intersection
points of some stable manifolds and Wcu plaques.
Since {(xi, ni)}
m
i=0 ⊂ P is a (n0, δ)-closed pseudoorbit, by the Proposition 3.4, one has that
z1 ∈ W
u
α(f
n1x1) ⋔W
s
α(x2) 6= ∅.
For the hyperbolic set P, by the Definition 1.2 and Definition 1.4, one has that ‖ Dfn|Ex ‖≤ Cλ
n,
for any n ∈ N+. Therefore, one has that
d(fn2(x2), f
n2(z1)) ≤ Cλ
n2d(x2, z1) ≤ Cλ
n0d(x2, z1) ≤
d(x2, z1)
2
≤
α
2
.
Consequently, one has that d(fn2(z1), x3) ≤ d(f
n2(x2), f
n2(z1)) + d(f
n2(x2), x3) ≤ δ2. By the
Proposition 3.4, one has that
z2 ∈ W
cu
α (f
n2z1) ⋔W
s
α(x3) 6= ∅.
Similarly,
zi ∈ W
cu
α (f
nizi−1) ⋔W
s
α(xi+1) 6= ∅, for i = 3, 4, · · · ,m− 1 and
zm ∈ W
cu
α (f
nmzm−1) ⋔W
s
α(x1) 6= ∅.
Since the compactness of the set H(p), the limits of lim
k→+∞
f
k(
m∑
i=1
ni)
(zm) exists and the limits
point z = lim
k→+∞
f
k(
m∑
i=1
ni)
(zm) also belongs to the set H(p). Due to
f
m∑
i=1
ni
(z) = f
m∑
i=1
ni
( lim
k→+∞
f
k(
m∑
i=1
ni)
(zm)) = lim
k→+∞
f
(k+1)(
m∑
i=1
ni)
(zm) = z ,
the point z is a periodic point. From our construction of the sequence of points which are
the intersection points of some stable manifolds and Wcu plaques and the properties of the
(n0, δ)-closed pseudoorbit, one has that the (n0, δ)-closed pseudoorbit can be ε-shadowed by the
periodic point z.
4 Proof of the Main Theorem
We prove the Main Theorem by contradiction under the assumptions that
• p is a hyperbolic periodic point;
• H(p) admits a dominated splitting TH(p)M = E
⊕
< F with dim(E) =ind(p);
• E is thin trapped and f is uniformly F -expanding at the period on the set of periodic
points homoclinically related to p;
• F is not uniformly expanding on H(p).
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Building closed pseudoorbit.
Lemma 4.1. For every r ∈ (0, 1], there exists a r-obstraction point b in H(p).
Proof. (By contradiction.) If the lemma is wrong, then there is r ∈ (0, 1] such that there is no
r-obstraction point in H(p) by the Definition 2.1.4. Therefore, for any x ∈ H(p), there exists
n = n(x) > 0 such that
∏n
i=1 ‖Df
−1|F (f i(x))‖ < r
n. Let U(x) be the neighborhood of x such
that for any y ∈ U(x), one has that
∏n(x)
i=1 ‖Df
−1|F (f i(y))‖ < r
n(x). Since H(p) is a compact set,
there exist finite points x1, · · · , xm such that H(p) ⊂
⋃m
i=1 U(xi). Let
N = max
1≤i≤m
{n(xi)}, C = max
x∈H(p)
{
‖Df−1|F (f(x))‖
r
, · · · ,
∏N
i=1 ‖Df
−1|F (f i(x))‖
rN
}.
For any x ∈ H(p) and n ∈ N+, by splitting every orbit segment (x, fnx) in segments of the form
(f ix, fn(f
ix)(f ix)), one has that
∏n
i=1 ‖Df
−1|F (f i(x))‖ ≤ Cr
n. Hence F is uniformly expanding.
This contradicts our hypothesis that F is not uniformly expanding on H(p).
Now we construct a periodic closed pseudoorbit P as follows. Hereafter, we fixed a sequence
numbers 0 < λ < r4 < r3 < r2 < r1 ≤ 1 and ε > 0. According to the Lemma 3.5, one can
find a ε/2-dense set P ⊆ H(p) of hyperbolic periodic points homoclinically related to the orbit
of p, such that every point belonging to P has stable and unstable manifolds of uniformly size.
By the Lemma 4.1, there is a r1-obstruction point b1 ∈ H(p). Therefore, by the Lemma 2.1.6,
HT1(qn, µ2)→∞ as n→∞. This means that there is a sequence periodic points in H(p) and
the period of those periodic points tends to infinity. Consequentlty, we may assume that the
period of every periodic point in the ε/2-dense set P ⊆ H(p) is large enough.
Step 1. By the Lemma 4.1, there is a r1-obstruction point b1 ∈ H(p). Therefore, one can
find a sequence {qn : qn ∼ p} such that lim
n→∞
qn = b1. For ε/2 > 0, r2 < λ1 < r1 ≤ 1, by
the Lemma 2.1.5, there exists N1 = N1(ε, λ1) > 0 such that if (x, f
N1(x)) is a λ1-obstruction
segment, then d(x,Λ(λ1)) < ε/2. Taking a x1 ∈ P with Γ2(x1, λ1) − Γ1(x1, λ1) − 1 ≥ N1, we
get uniform λ1-strings (x1, f
HT1(x1,λ1)(x1)), (f
HT1(x1,λ1)(x1), f
Γ1(x1,λ1)(x1)) and λ1-obstruction
segment (fΓ1(x1,λ1)(x1), f
Γ2(x1,λ1)−1(x1)). Then, there exists a λ1-obstruction point b2 ∈ H(p)
such that d(b2, f
Γ1(x1,λ1)(x1)) < ε/2.
Step 2. For the λ1-obstruction point b2 ∈ H(p), we also use {qn} denote the sequence {qn :
qn ∼ p} such that lim
n→∞
qn = b2. For ε/2 > 0, r2 < λ2 < λ1 < r1, by the Lemma 2.1.5,
there exists N2 = N2(λ2, ε) > 0 such that if (x, f
N2(x)) is a λ2-obstruction segment, then
d(x,Λ(λ2)) < ε/2. By the Lemma 2.1.6, HT1(qn, µ2) → ∞ as n → ∞. Let B be the subset of
P such that for every qn ∈ B, one has that
r
HT1(qn,λ2)−1
3 ·m ·m
Γ1(x1,λ1)−HT1(x1,λ1) ≥ r
HT1(qn,λ2)+Γ1(x1,λ1)−HT1(x1,λ1)
4 ,
where m , infx∈H(p) ‖Df
−1|F (x)‖. Taking x2 ∈ B with Γ2(x2, µ2) − Γ1(x2, µ2) − 1 ≥ N2, we
get uniform λ2-strings (x2, f
HT1(x2,λ2)(x2)), (f
HT1(x2,λ2)(x2), f
Γ1(x2,λ2)(x2)) and λ2-obstruction
segment (fΓ1(x2,λ2)(x2), f
Γ2(x2,λ2)−1(x2)). Therefore, there exists a λ2-obstruction point b3 ∈
H(p) such that d(b3, f
Γ1(x2,λ2)(x2)) < ε/2.
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Step 3. For ε > 0, taking λj with r4 < r3 < r2 < · · · < λj < λj−1 < · · · < λ2 < λ1 < r1,
where j = 1, 2, · · · , by repeating the Step 2, one can get a sequence point {xn} satisfying the
following properties:
• (xj , f
HT1(xj ,λj)(xj)), (f
HT1(xj ,λj)(xj), f
Γ1(xj ,λj)(xj)) are uniform λj-strings;
• (fΓ1(xj ,λ2)(xj), f
Γ2(xj ,λj)−1(xj)) are λj-obstruction segment;
• d(xj , f
Γ1(xj−1,λj−1)(xj−1)) ≤ ε;
• r
HT1(xj ,λj)−1
3 ·m ·m
Γ1(xj−1,λj−1)−HT1(xj−1,λj−1) ≥ r
HT1(xj ,λj)+Γ1(xj−1,λj−1)−HT1(xj−1,λj−1)
4 ;
From the above step, we construct a pseudoorbit which is not closed. As H(p) is compact set,
there exist m0 ∈ N and k > 0, such that
d(fHT1(xm0 ,λm0 )(xm0), f
HT1(xm0+k,λm0+k)(xm0+k)) < ε.
Let Kj = HT1(xm0+j, λm0+j), j = 1, 2, · · · , k. Let ym0+j = f
HT1(xm0+j ,λm0+j)(xm0+j), j =
0, · · · , k−1 and Lj = Γ1(xm0+j, λm0+j)−HT1(xm0+j, λm0+j), j = 0, 1, · · · , k−1. Therefore, we
get the closed pseudoorbit P which is the union of uniform λ1-strings as
(ym0 , f
L0(ym0)), (xm0+1, f
K1(xm0+1)), (ym0+1, f
L1(ym0+1)), (xm0+2, f
K2(xm0+2)),
· · · , (ym0+k−1, f
Lk−1(ym0+k−1)), (xm0+k, f
Kk(xm0+k)).
where ym0+j = f
Kj(xm0+j) and d(f
Lj (ym0+j), xm0+j+1) < ε, j = 0, 1, · · · , k − 1.
Estimation about periodic orbit. From the construction of closed pseudoorbit, by the
Theorem 3.7, for δ > 0, there exist η0 = η0(λ, δ) > 0, such that for any η ∈ (0, η0], there
exists a periodic point δ-shadows (λ, η)-thin trapped closed pseudoorbit. In fact, we also has
the following properties as the Lemma 4.2 for the periodic point.
Lemma 4.2. For the fixed r4 < r3 < r1, there is a δ0 > 0 such that all those periodic
points which δ0-shadows (λ, η)-thin trapped closed pseudoorbit have stable and unstable manifolds
of uniformly size.
Proof. For the fixed r4 < r3 < r1, by the Theorem 2.2.1, there is a constant δ0 such that for any
x ∈ B(qn, δ0), one has that
Γ1(qn,λn)∏
i=1
‖Df−1|F (f ix)‖ ≥ r
Γ1(qn,λn)
4 and
Γ1(qn,λn)∏
i=1
‖Df−1|F (f ix)‖ ≤ r
Γ1(qn,λn)
1 .
By the Theorem 3.7, for δ0 > 0, there exist η0 = η0(λ, δ0) > 0, such that for any η ∈ (0, η0], there
exists a periodic point δ0-shadows (λ, η)-thin trapped closed pseudoorbit. In the construction of
closed pseudoorbit, taking ε = η0/4, one can construct (λ, η0)-thin trapped closed pseudoorbit.
Therefore, there exists a periodic point y δ0-shadows (λ, η0)-thin trapped closed pseudoorbit.
This means y ∈ B(qn, δ0) for any qn in (λ, η0)-thin trapped closed pseudoorbit. Therefore,
pi(y)∏
i=1
‖Df−1|F (f i(y))‖ ≥ r
pi(y)
4 and
pi(y)∏
i=1
‖Df−1|F (f i(y))‖ ≤ r
pi(y)
1 .
12
Since TH(p)M = E
⊕
< F is a dominated splitting, by the Definition 1.1, one can take an suitable
norm such that ‖Df |E(x)‖ · ‖Df
−1|F (f(x))‖ ≤ λ0, where 0 < λ0 < λ < 1. Hence
pi(y)−1∏
i=0
‖Df |E(f i(y))‖ ≤
λ
pi(y)
0
pi(y)∏
i=1
‖Df−1|F (f i(y))‖
≤ (
λ0
λ
)pi(y).
Taking λ˜ = max{λ0/λ, r1}, one has that
pi(y)−1∏
i=0
‖Df |E(f i(y))‖ ≤ λ˜
pi(y) and
pi(y)∏
i=1
‖Df−1|F (f i(y))‖ ≤ λ˜
pi(y).
This means that those periodic points have stable and unstable manifolds of uniformly size.
According to the Theorem 2.2.4, by the choice of the set P of hyperbolic periodic points
homoclinically related to the orbit of p, the hyperbolic periodic points belonging to P have stable
and unstable manifold of uniformly size. By the Lemma 4.2, those periodic points which δ0-
shadows (λ, η)-thin trapped closed pseudoorbit have stable and unstable manifolds of uniformly
size. Therefore, there is a δ1 > 0 such that if periodic point δ1-shadows (λ, η)-thin trapped closed
pseudoorbit, then periodic point is homoclinically related to the hyperbolic periodic points that
given in the construction of the closed pseudoorbit. Therefore, for δ = min{δ0, δ1}, where δ0
is given in the Lemma 4.2, by the Theorem 3.7, the closed pseudoorbit P can be δ-shadowed
by a periodic point p˜. And one also has that W sε (p˜) ⋔ W
u
ε (p) 6= ∅ and W
s
ε (p) ⋔ W
u
ε (p˜) 6= ∅.
This means that p˜ is homoclinically related to p. By the Lemma 4.2, one has the estimation∏pi(p˜)
i=1 ‖Df
−1|F (f i(p˜))‖ ≥ r
pi(p˜)
4 . This contradicts that f is uniformly F -expanding at the period
on H(p). Consequently, the assumption that F is not uniformly expanding on H(p), is invalid.
Therefore, F is uniformly expanding on H(p). Here, we finish the proof of the Main Theorem.
Now, we give the proof of the Theorem A under the Main Theorem.
Proof. (The proof of Theorem A.) In the assumption of the Theorem A, for the dominated
splitting TH(p) = E⊕<F , we may assume that the splitting F splits in F = E
c⊕Eu. Therefore,
the Main Theorem shows that f is not uniformly F -expanding at the period on all periodic
points homoclinically related to p.
For every ε > 0, taking r < 1 such that log(r−1) < ε. Since f is not uniformly F -expanding
at the period on all periodic points homoclinically related to p, there is a periodic point q
homoclinically related to p such that
∏pi(q)
i=1 ‖Df
−1|F (f i(q))‖ ≥ r
pi(q). Since dimEc = 1, one has
‖Dfpi(q)|Ec(q)‖
−1 =
pi(q)∏
i=1
‖Df−1|Ec(f i(q))‖ ≥
pi(q)∏
i=1
‖Df−1|F (f i(q))‖ ≥ r
pi(q).
Therefor, 1
pi(q) log(‖Df
pi(q)|Ec(q)‖) ≤ ε.
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